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TECHNICAL NOTE 3841
-—_—j_'_
DISTRIBUTION OF NORMAT. COMPONENT OF INDUCED VELOCITY

IN TATERAT, FIANE OF A LIFTING ROTOR

By Walter Castles, Jr., and Howard L. Durham, Jr.
SUMMARY

Velues of the nondimensional normal component of, induced velocity
in the lateral plane of a uniformly loaded lifting rotor are given in the
form of graphs and tables. The values were computed by use of the Biot-
Savart relation using the assumption that the wake vortex distribution
consists of a uniform, semi-infinite elliptic cylinder.

The necessary auxilliary equations sre given so that the grsphs or
tebles of the induced veloclty ratios masy be used to estimate numerical
values of the normal component of induced wveloclty and the associated
flow angle In the lateral plane of any given.rotor or set of laterally
disposed rotors. S o

INTRODUCTION

The values of the normal component of induced velocity in the longi~
tudinal plane of s lifting rotor were presented in reference 1. It was
subsequently found that the results of reference 1, which were computed
for a wake vortex system consisting of a uniform, semi-infinite, elliptic
cylinder, were in reasonable agreement, for the higher speed flight con-
ditions, with experimentally determined values of the nduc d velociti
and induced angles. (See ref. 2 for exsmple. ! s é&z_

A G\LQWT ey -

The present report extends the work of reference 1’ to the dis-
tribution of the values of the normsl component of induced velocity in
the lateral plane of & lifting rotor. In the enalysis of reference 1 and
that presented herein it 1s assumed that the weke vortex distribution
corresponds to the limiting case of the weke behind e uniformly loaded
actuator disk as the ratio of the normal component of the induced velocity
to the free-stream velocity becomes vanishingly small. Since it was found
that the first of the double integrations involved in the application of
the Blot-Savart relation to the weke vortex system could be performed .
explicitly and since a digital camputer was availsble for the required o
second numerlcal integration, the method used to compute the tebles of the
present report differs from that of reference 1.
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SYMBOLS

coefficient-of cosine term in Fourler series for blade
flapping angle measured with respect to plene of zero
feathering, or coefficient of -sin ¥ in equation for
blade angle-measured with respect to plane of rotation
where blade angle is Ay - a3 8in ¢ + by cos ¥

rotor. thrust coefficient, TygﬁﬂeRh

distance slong wake measured fram rotor disk
tangent of wake angle X
rotor radius

radius ofpoint P fram Z- or rotor axis

“length of radius vector from vortex element to point P

nondimensional radius of point-P(Xg,Y¥q,Zo) from rotor
axis, Ro/R

length of vortex filement

rotor thrust
normel component of-induced velocity at center of rotor

veloclty of helicopter along flight path

normel camponent of induced velocity at point P

coordinates of a wake vortex element

coordinates of point P(XO,YO,ZO)
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y slope of linear approximation to curve for nondimensionsl
normal component of induced velocity on lateral diameter
of rotor as used to obtaln value of Vj/QR where

(Vi/QR) = (-v/QR) + yx sin ¥ + wx cos V¥

Yo = Yo/R

2o = Zo/R

o angle of attack of rotor plane of zero feathering

Oy angle of attack of rotor plane of rotation

Ay oZo flow angle at a polnt in YZ- or lateral plane measured
between resultant of longitudinal and vertical component
of local velocity end plane parallel to rotor plane of
rotation

(di)y Zg induced flow angle at point in lateral plane,

© tan‘l(vi/v cos av)
v - strength of vortex sheet per unit length along wake
5] azimuth angle of weke vortex element measured from upwind

or negative X-direction .
= (V 8in o - v) /R

= (V sin oy - v)/OQR
= V cos ao/QR
By = V cos ay/QR

p alr density

x wake angle measured between positive Z- or rotor exis and
axls of wake

¥ azimith angle of point P(Xo,Yb,Zo) measured from downwind
or positive X-direction

Q angular velocity of rotor blades
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ANATYSIS

Assumlng that the wake vortex distribution consists of a uniform
semi-infinite elliptic cylinder composed of ring vortex elements lying
in planes parsllel to the rotor disk, the ratio Vi/v of the normal

component of induced veloclty at a point P(XO,YO,Z° to that at the cen-
ter of the rotor is (the derivetion is given in the appendix)

—_— de

" - 2)

where the coordinate system 1s as shown in figure 1 and

v T o

25 . -
Vi lﬁﬁ A-B{C— (1)

A=1+ry cos(y - 0)
B =m cos e/Vl + W

C=1+ 12+ 252 + 2rg cos(¥ - 6)

o)
Il

(z0+mroc:oes\11+mcose)/l+m2

For points 1n the XY- or latersasl plane of the rotor for which
¥ = 90°, equation (1) reduces to

(2)

Vi _ 1 [P A" - BT’
JC VETQJET : D') ae

v T 2x

where

A' =1 4+ r, ein ®

c'=1+ r°2 + 252 + 2ry sin 9
D' =B + <%0/V1 + m2)

Since the integral of equation (2) cannot be evalusted in terms of
elementary functlons, the integration for the present report was carried
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out with the assistance of a digltal computer setup to use the trapezoidal
rule with 180 equally spaced increments in 6. This procedure appears to
provide an eccuracy of better than t1 in the third decimal place of the
answers except for a few of the polnts which lie very close to the wake
boundary.

RESULTS

The computed values of the inducéd velocity ratio Vi/v for a rec-
tangular grid of points lying in the XY= or lateral plene of the rotor
and extending two rotor radii above and below and three’radii laterally
are given in tables 1(a) through 1(e) Ffor wake angles of X = 45°, 63.43°,
75.97°, 84.29°, and 90°, or tan X = 1, 2, 4, 10, and «, respectively.
Velues of Vj/v on the lateral axis of the rotor for these same wake
angles are given in teble 2.

Figures 2(a) through 2(e) show plots of constant values of Vi/v
obtained by interpolation from teble 1.

The velocity ratios ere symmetrical about the XZ- or longitudinal
center plane of the rotor and consequently are given only for one side
of the lateral or XY-plane. Similarly, the values of Vi/v are given
only for wake angles in the first quadrant, or O € X € 90°. The values
for wake angles in the second quadrant, or 90° € X S 180°, may be
obtained by referring to the table or graph for the angle (180° - X)
and using the value of Vi/v for the point having the negative of the
Z—coogdinate of the point in question (i.e., on the opposite side of the
rotor).

The velues of the induced velocity ratioc Vi/v on the lateral axis
of the rotor are shown in figure 3. It is seen that the assumption of a
uniform skewed cylinder for the wake vortex structure gives a constant
value for the normal component of the induced velocity on the lateral
rotor dlemeter.

APPLICATION OF RESULTS

Followlng the procedure given in reference 1 the velue of the nor-
mal component of selfinduced veloclty v at the center of a rotor can
be calculated from the equation
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% QRCT -32= QRCr -
(3)

2w eng (-2 es .

and the associated weke angle from the equation

)

tan~1 (—;T”) + 8y (&)

v =

x
|

for X< 90°, or Ay = Acos a7 + p sin aj < O, or the equation

cot "l(--u—v> )
N

cot’l('—;i) - aq (5)

x
It

for X > 90°, or M = Acos 8y + p s8in aq > O. The value of Vi/v at
a given point P(yo »%Zo) 1o the latersl plane and thus the value of Vi

for the computed values of v and X can then be obtained by interpola-
tion =among the grsphs of tables.

W

The normel component—of induced velocity Vi at a point P(yo ,zo) in

the common lateral plane of a set of-laterally dlsposed rotors may be
aepproximated by teking the algebraic sum of the components of Vi at P

induced by each individual rotor.

Tre flow angle cyozo at P(yo s2g) measured between the resultant

of the local longitudinal and vertical components of velocity and a plane
parallzl to the tip-path plane is o _ T T

V sin a, - (Vi)l - (Vi)e - (Vi)n - . e s () .

~ tan~t
oo V cos ay
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and the local induced angle 1is

(vi) + (vy), + (vi) c e

V cos Oy

(7)

(C":L)yozo ~ -

where (vi)l on denotes the increments from the individusl-rotors of
252

the set.

The varietions in the normal component of induced velocity along
the lateral diameters of a palr of closely spaced side-by-side rotors
are large and will have az significant effect on the equilibrium value
of &1 and the tip-~stall-limited top speed. The terms for a linear
lateral induced velocity variation of slope y were included in the
equations of reference 3 for the equllibrium velues of the parameters.
Consequently, an estimate may be obtained of the effects of the total
lateral induced velocity varlation by including the effects of the inter-
ference components in the y-terms of the sppropriate equations of
reference 3.

For a pair of equally loaded, closely spaced rotors rotating with
their advancing blades adjacent and operating in the higher speed flight
conditions, it follows from the equation for y In reference 3 and from
the slope of the Vi/v distribution between the points at RO/R = 1.2

and 2.8 in figure 2(d) that

y = Cp+ EEE ) (8)

If the retreating blades are on adjacent sides of the rotors, the inter-
Perence gredient is in the opposite direction and

~ Cp = =
y=Cp- xR (9)

For meny purposes, the increment or decrement in the equilibrium value
of aj mey be obtained with sufficient accuracy from the relevant terms

of equation (15) of reference 3 and from equetions (3) and (8) or (9)
above as
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(10)

CONCLUDING REMARKS

The dlstributions of the normal component of induced velocity in the
lateral plane of a lifting rotor thatare given in the present report were
computed for a weke consisting of a uniform semi-infinite skewed vortex
cylinder. This assumed wake vortex distribution corresponds to the
limiting cese of the wake behind a uniformly loaded actustor disk as the
ratio of the normal component—of the induced velocity to the free-gtream
velocity becomes vanishingly smell. Consequently, the results of the
present report can be considered to be only a first approximastion for the
flow about an actual rotor with nonuniform loading operating in the higher
speed flight conditions.

For the lower apeed fllght condltions where the induced veloclity is
of the same order of magnitude as the free-gtream velocity, the discrep-~
ancies between the computed values of Vi/v, where Vi 1s the normal
component of the induced velocity at point P and v is the normal com-
ponent of the induced velocity et the center of the rotor, and values
for an actual rotor are probably larger than for the higher speed flight
conditlons. Some Judgment should therefore be exerclsed in the engi-
neering epplication of the resultes of this report+

Ceorgin Imstitubte of Technology,
Atlenta, Ga., March 9, 1956.
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APPENDIX

DETERMINATION OF. Vj /v

It is shown in reference 4 that the three components of velocity u,
v, and w induced in the X-, Y-, and Z-directions at a point P(Xo,Yq,Zo)
by a single isclated reentrant vortex filsment of strength k and
length 8 are )

k/s ay Zo =% _az Yo - Y\ as (
u = —— ——— . — Al)
I Jg (ds R B R J®)2 _
v=.£.fs g_XO—X_gZO-Z\dS (a2)
hxJo \dS R' ds R! /(Rr)a
S Yo - Y - X
ok ax Yo ay Xo - X\ as
w= X Al R (a3)
ke Jo \@8 R' ds R' RR:)E
where
ds element of vortex filement with coordinates X, Y, and Z
R! length of radius vector from dS +to point P(Xo 2 ¥y ,ZO)

Referring to figure 1, which shows the geometry of the assumed wake
vortex distribution, it is seen that for an elementary vortex ring of
width d1 located at a distence Z below the rotor

X =mZ - R cos 6

Y =R sin ©

dS = R 4ds
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where
m = tar X
X wake angle
R rotor or wske radius
2] azimith angle of vortex element 'd.S messured from upwind
position
and
X5 = Ry cos ¥
Yo = =Ry 8in ¥
where
Ro radius of point P(Xo ,YO,ZO) from Z- or rotor axis
¥ azimyth angle of point P measured from downwind or positive
X~direction
Rr! length of redius vector from vortex element 4dS +to point P,

that 18, (R)Z = (X - %)% + (¥ - Yo)2 + (2 - Zo)?

1 =72cecX =21 + m2

Thus, from the geometry and equation (A3), the Z-component of veloc-
ity w dnduced at P(Xo Yo ,Zo) by the wake vortex element of strength

vy &1 is

- Z-E_E-Eﬁ Q{o -4X)cos 8 - (Yo - Y)sin 0 R a6 (k)
0

x4 (Rl)5

where v 1is the line integral about e unit length of the wake vortex
sheet “aken in a path parallel to the weke axls; the sign has been
reversed go that—w 1s positive for points inside the circuler axis
of the ring.
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Summing up the increments in velocity induced at P(Xo P4 ,Zo) by

the wake vortex elements, the resultant normal component of induced
velocity V4 at P 1is

co 21 (Xo - X)cos 0 - (Y - Y) sin 6
-2 2
vy =L j; /; I R de 41 (25)

Upon making the previously listed substitutions for X5 X, Y5, %,

R', and 1 eand dividing all lengths by R, equation (A5) may be reduced
to .

vy = Z_ﬁf“ /"2“ (A + az)de dz ' (A6)
bt Jo Jo  (C+ bz + cz2)3/2 '
where
A=1+r,cos (¥ ~8)
C=1+1r,2+ 2,2+ 2r, cos (¥ -6)
a = -m cos ©
b = -2(z0 + rom cos ¥ + m cos 9)
c=1+m
ro = Ro/R
z5 = Zo/R

Performing the integration with respect to 2 gives

27 ’
Ve = 2 _.LLE_‘,E_de (AT)
N
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Where

B =mcos 9/@1 + me
D= (Zo + mry cos ¥ + m cos e)/Vl + me

By setting 1y = zg = O in equation (A7), it can be shown that

the value of the normal component of induced velocity v =at the cen-
ter of the rotor is

=L
v=Zy (a8)

Dividing the value of V4 glven by equation (A7) by the value of v

given by equation (A8) yields equation (1) for the induced velocity ratio
Vi/V‘-
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TAELE 1,~ NONDIMERSIQNAL VALUES OF NORMAL COMPONERT OF INDUCED VELOCTIIY Vi/fv

IN TATERAT. PIANE OF LIFTING ROTOR - Continued
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TABLE 1.~ NONDIMENSIONAL VATUES OF NORMAL COMPONERT OF INDUCED VELOCITY Vifv
TN TATERAL PLANE OF LTFPITHG ROTOR - Continued
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6251 .597| .5%0| .405{ .205] .094}-.067]~.122|~.124)-.111]-.096]-.083 {-.0TL{~-.062| -.054] ~.ObT
Boz2| .782) .132] 609} .275]-.005|~.280}~.252|~.297 |~ 154 |~.123 | ~. 100 §~. 08 | ~.0TL] ~.061{ ~.053
1,000 1.00011.000!1.000{1.000} -==—|-.699|-.387| -.258 |-.187 - 1144 |~. 114 |-.095}-.0TB] ~.066{ ~.057
1.197|1.221.{1.283{ .39%4|-.340]-.758|-.640|-.100}~.270 |-.198]-.151|-.120|-.098]-.081| -.069{ ~.059
623) 5T6) 459] .232]=.107]-.255 = 55U }=.305] =236 |-.185]=.145]=. 11T |~.097|-.081] -.069] ~.060
480 .ﬁ.ah .336) .180[-.006{~-.086-.182{~.199]-.180|-.15%3|-.128|~.208 |-.09L{~.078} ~-.067| ~.058
AT 334 .260] L155] .0b0)-.012|-.087|-.121)-.127]~.119]-.107}~.0% |-.082] ~.071] -.063] ~.055
.289( .262| .209{ .137| .060| .025{-.03%|~,068(-.084|-.088]-.08k]-.078|-.0T1|~-.064] -.05T( ~.05L}
229| 209} .172{ .122] .068| .ok2{-.002]-.033}-.052{-.061]-.06L]-.062 -.gﬁg -.022 «.050 | ~.0lb6
.18%| .170f .143| 108} .069{ .050| .016|-.011]-.029|-.030)~.0k6]-.048]-. -.046] ~.0b35] ~.0kL
A5 .abko| 12| .196] .067] .053| .026] .o0h}-.013|-.025|-.032|-.0%6]-.038(~-.038| ~.03T| ~.035
225|217l .203] .085] 063 .052| .0%2| .013]-.002{-.013{-.021}~.026|~-.029:-.050| -.030| -.0%0
J05) .099] .089| 075) 059 .050) .0%4| .0i9| .006|-.00k|-.012]-.017}-.020(=-.025]| ~.024} ~.025
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TAELE 1.~ NORDIMENSIONAL VALUES OF NOFMAT, COMPONENT OF INDUCED VELOCITY Vy/v

I TATERAL FTANE OF LIFTIRG ROTCR ~ Contimued

(@) %= tan-110

8¢

THEE ML VOWN

Vi/v for velues of R,/R of -

0 |0l ]03105]|0.710.9]21.0f12]| 1.k ]|2.6)2.8}2.0]02.2]2%1]026

-2.0 [0.106]0.105 [0.101 |0.09% |0.08k | 0.072 0. 066 }0.055 |0. 041 {0.020 {o.oao 0.0120.0050.000 |-0.004
-1.8] .126] .125] .120] .110| .097) .0BL| .073| .056] .OkL| .027| .016] .007| .000]|-.005| -.009
-1.6] .152{ .15} .44 .230] 12| .o91| .080| .058] .0%g| .023| .010| .000{-.007[~.012| ~.015
~1.41 .186] .185) .175] .156] 131} .102] .087] .059] .034{ .015{ .000|-.010|~.016]~.020| -.022
. . 261, . . . 055| .02k| .015|-.01%]-.023|~.028}-.030| -.051
1.0 | .293( .291( .271| .235] .183] .125| .006| .O45| .006}-.019 |-.05k [-. 0L |-.083|~.082| ~.04L
-.8 . Sh7) J206f .222] .135) .093] .021]-.027]-.052]-.061]-.06%]~.060]-.056] -.051
"'-6 -l'l'% -11'8‘2 -1|-50 -383 '277 -lll'e ' -071!' --031 ‘-(ﬁj --099 -'.097 --089 "l079 "'-070 "-%2
-] .629] J625| 593 516 .372| L142] .019|-.1k2|~.178]-.165 |-.138|-.116]~.098]~.083} -.0Td
-.2] .8ok| .801| .19} .721| .576| .169f-.156 |-.399]|-.314|~.233 |~. 277 ]-. 140} ~.113]-.095] -.0T8
0 [1.000|1.000 |1.000 {1.000 {1.000 |1.000 [~=~=- -.789]-.k22|-.277 |-.200[~.155|-.121|-.099| ~.082

.2 .80k} .801] .77h| 669} .50k |-.062]-.461 |~.550|~.3TS{~.265 |-.196|-.152]|-.121]~.099| -.083
A 629 J62h| .58k | .4B89] .305] .020]-.120|-.262]-.255|-.211 |-.169|~.157|-.113}-.00% | -.0T9
O JJ86| A8 2] .360| .229) 068 [=.008 |~.112]-.150 |-, 148 |-.132 |-. 124 |-.098]~.08% | ~.0T3
8| .375| .371| 340} .278) .189] .087| .0LO|=.036|~.079}~.095 |~.095(~.089|~.081}-.072| -.064
. 004 | -. 03k |-.055 |-.06L | ~.066 | ~. 06} | ~. -.055

2521 ,230| 213 .181]-.138] .091| .067] .026|~.006 |-.028 }-.040 {-.046 | ~.OLB|-.OUT[ -.045
1861 .185) .173] J150f .120) L085] 068 .83:; .011 |-.009 |-.022}-.030|~.03k|~.0%6] -.0%6
. a 126 . . - .OEL ¢ml|' -.m9 "IOlT --025 - 6 "'-0%
1261 .125( .119]..307) 09| .o72] .062| .ouk| .ce7| .012] .0OL]-.008]-.01k|~.018] ~.02L
.106| .105] .100( .092| .o79} .065| .058| .0%3| .029{ .oL7[ .007|-.001}~.007[=.011]) -.015

LT



TABLE 1.- NONDIMENSIONAL VALUES OF NORMAL COMPONENT OF INDUCED VELOCITY Vi /v

IN TATERAL PIANE OF LIFTING ROTOR - Comcluded

(e) X = tan=lo

Vi/v (symmetric across Zy/R = 0) for values of R,/R of -
fo/® o lorlo3f05}07]09110{1.211.%]21.6]1.8]2.0]2.2 2.k | 2.6 | 2.8 |3.0
-2.0 |0.106]0.105{0.101]|0.093|0.082{0.069|0.062 |0.049|0.036] 0.021+| 0.014{0.006 | ~0.001.|~0.005 |-0.009| -0.012 | ~0.013
1.81 126} .125) .119] .109} .09k} .oT7| 068} .050) .034} .020] .009{-.000] -.007| =.0LL] -~.015] -.0L7| -.0L8
-1.61 .152] .151] .143) .128| .108} .085] .o7h| .o051} .031) .01 .0OL|-.008| -.015] ~.019] -.021| -.023| -.023
L1 .186] .185] a7k L1553 126 .o9%| .079] .ok9{ .023] .0O4|-.010|-.020| ~.025| -.028| -.029| -.029| ~.029
1.2 .232] 230! .215] .186] .147{ .103| .081| .ok2| .010{-.012|-.026|-.03%| ~.038] -.039| ~.038] -.037| -.035
L1.0] .293] .290| .269] .229! .173| .110] .080] .026|-.013|-.037|-.049{~.053| ~.053]| ~.05L| -.0u8{ -.045| -.0k1
-.81 .375| .372| 344 .288} .207| .113| .068]-.006]-.052]-.073|-.078{~.076]| -.0TL| -.065]| ~.058| -.052] -.Ok7
-.6] 485 a8 A7l 373 .256( 108 .037]-.069]-.116}~.123}-.115|~.102] -.089] -. -.068| -.060| -.053
-.4| .629] .624| .589| .504| .342| .087|-.0u5|-.200(-.217[-.188]-.155|~.127] -.106{ -.089] -.076| -.065| -.057
-.2| .80 .801| 7771 .72 .585] .o070{-.293]-.482|-.351]-.252| -.189]~.147] ~.118] -.097| ~.081| -.069| -.060
0 {1.000{1.000{1.000|1.000]1.000|1.000] ===~ -.809|-.bo9f -.281] -.203|-.155] -.123| -.100| -.083| -.07L| -.061

8T
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TAELE 2.- VALUES OF V3/v ON LATERAL AXIS OF ROTOR

oo/ = ]

19

Vy/v for values of m of -
Ro/R
1 2 4 10 ©

o0—>1 1.000 1.000 1.000 1.000 1.000
1.05 -357 -.911 -1.616 ~2.136 -2.284
1.10 -.306 -.718 -1.122 =1.347 -1.401
1.2 -.2%8 -.500 -.699 -.789 -.809
1.k -.159 -.300 -.387 =22 -.429
1.6 -.115 -.206 -.258 -277 -.281
1.8 -.088 -.152 -.187 -.200 -.20%
2.0 -.069 -.118 -1kl -.153 -.155
2.2 -.056 -.095 -. 11k ~-.121 ~.123
2.4 -.Ol7 -.078 -.093 -.099 -.100
2.6 -.0%9 -.065 -.078 -.082 -.083
2.8 -.034 -.055 -.066 -.070 -.071
3.0 ~.029 -.048 -.057 -.060 -.061
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dZ

(X,Y.Z) ds

Figure 1.~ Geometry of weke vortex system.
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(a) Wake angle = 45° or X = tan~11.

Figure 2.- Lines of constant values of nondimensional normal component of
induced velocity Vi/v in lateral plene of lifting rotor.
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Figure 2.- Continued.
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(¢) Weke angle = 75.97° or X = tan~ls.

Figure 2.- Continued.
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Figure 2.- Continued.

(d) Wake angle = 84.29°
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Figure 2.- Concluded.
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Vi/v FOR ALL VALUES OF m

.NACA TN 3841
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Figure 3.- Values of Vi/v on lateral exis of rotor.
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